The concept of smooth deformation of a Riemannian manifolds associated with the extrinsic curvature is explained and applied to FLRW cosmology. We show that such deformation can be derived from an EinsteinHilbert-like dynamical principle producing an observable effect in the sense of Noether. The Gupta equations are used to address the problem of the cosmological constant to provide the expression of the function b(t) which is a consequence of the effect of extrinsic curvature. When using such a modification, we notice on how the extrinsic curvature compensates both quantitative and qualitative difference between Λ and ρ vac due to the topological characteristics of the extrinsic geometry. It is also shown that the coincidence problem can be alleviated in this framework.
Introduction
In a previous investigation [1, 2, 3] we have studied the modification imposed on Friedman's equation when the standard model of the universe is regarded as an embedded space-time [4] . It was shown that a more fundamental explanation for the dynamics of the extrinsic curvature was required and given by Gutpa's equation [5] . As an application, it was found that the acceleration of the universe can be explained as an effect of the extrinsic curvature.
In this letter, we study the "old" cosmological constant (CC) problem that consists in a seemingly inexplainable difference between the small value of the cosmological constant, estimated from cosmological observations to be Λ/8πG ∼ 10 −47 GeV 4 , and its theoretical value given by the vacuum energy density resulting from gravitationally coupled quantum fields in space-time estimated to be of order of < ρ v >∼ 10 71 GeV 4 . Such large difference cannot
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More recently, the CC problem has become a central issue in the context of the ΛCDM cosmological model regarded as the simpler model for the accelerated expansion of the universe. In addition, another dilemma requires attention in giving a proper explanation to the apparently coincidence between the current matter density energy and the cosmological constant (as interpreted as the vacuum energy) commonly known as the coincidence problem [8, 9, 10] .
A varieties of solutions for the CC problems have been proposed in literature such as in general relativity [11, 12, 13] , Strings [14] and Branes [15, 16, 17] , conformal symmetry of gravity [18] and other works [19, 20, 21] . Interesting reviews can be found in [7, 22, 23, 24] and references therein.
In this work, we use essentially the fact that in an embedded space-time the gauge fields which compose the vacuum energy density remain confined to the embedded space, but the gravitational field propagates along the extra dimensions. It is important to point out that the difference between the vacuum energy and the cosmological constant is hidden in most brane-world models because the extrinsic curvature is commonly replaced by a function of the confined source fields. As commonly thought, the only accepted relation of the extrinsic curvature with matter sources is the Israel-Lanczos boundary condition, as applied to the Randall-Sundrum brane-world cosmology [25, 26] . However, this condition fixes once for all the extrinsic curvature and it does not follow the dynamics of the brane-world. Other approaches have been developed with no need of particular junction conditions [27, 28] and/or with different junction conditions which lead to several approaches of brane-world models widely studied in literature [29, 30, 31, 32, 33, 34] .
As we shall see, in a different approach, we show that the dynamics of the extrinsic curvature has a more profound meaning. In this sense, a fourdimensional observer can detect a difference between Einstein's cosmological constant and the confined vacuum energy through a conserved quantity defined by the extrinsic curvature.
The main purpose of this paper is to shown that the cosmological constant problem is of fundamental nature, not only because it involves the structure of the Einstein-Hilbert principle, but also because it deals with a clearly distinction between gravitation and gauge fields. In what follows, we focus on the CC problem at low energy scale. Based on the 115 events of Supernova Ia [35] in z 1.01 at 68.3% C.L., we examine possible topological effects caused by the extrinsic curvature on the CC dilemma.
The FLRW embedded universe
We start with the Friedmann-Lemaître-RobertsonWalker (FLRW) with line element in coordinates (r, θ, φ, t) which is given by
where f κ (r) = sin r, r,sinh r corresponding to κ = 1, 0, -1, and a = a(t) is the expansion parameter. This model can be regarded as a 4-dimensional hypersurface dynamically evolving in a five-dimensional "bulk" with constant curvature. The Riemann tensor is given by
where G AB denotes the bulk metric components in arbitrary coordinates. The constant curvature K * is either zero (flat bulk) or it can have positive (de Sitter) or negative (anti-de Sitter) constant curvatures. Taking the perfect fluid of the standard cosmology as composed of ordinary matter interacting with gauge fields, then it must remain confined to the fourdimensional space-time on all stages of the evolution of the universe. Since all cosmological observations point to an accelerated expanding universe towards a de Sitter configuration [36, 37] , we choose K * > 0, although our results also hold for any other choice of K * . The bulk geometry is actually defined by the Einstein-Hilbert principle, which leads to Einstein's equations
The confinement condition implies that K * = Λ/6 and T * AB denote the energy-momentum tensor of the known sources.
The confinement of gauge fields and ordinary matter are a standard assumption specially in what concerns the brane-world program as a part of the solution of the hierarchy problem of the fundamental interactions: The four-dimensionality of space-time is a consequence of invariance of Maxwell's equations under the Poincaré group. Such condition was latter seen to be proper to all gauge fields expressed in terms of differential forms and their duals. However, in spite of many attempts, gravitation, in the sense of Einstein, does not fit in such scheme. Thus, while all known gauge fields are confined to the fourdimensional submanifold, gravitation as defined in the whole bulk space by the Einstein-Hilbert principle, propagates in the bulk. The proposed solution of the hierarchy problem says that gravitational energy scale is somewhere within the TeV scale.
The most general expression of this confinement is that the confined components of T AB are proportional to the energy-momentum tensor of general relativity: α * T µν = −8πGT µν . On the other hand, since only gravity propagates in the bulk we have T µa = 0 and T ab = 0.
Since we are dealing with the relations between embedded space-times, we can restrict ourselves to the analysis of the local embedding of 5-dimensions wick can be summarized defining by an embedding map Z :V 4 → V 5 admitting that Z µ is a regular and differentiable map, with V 4 and V 5 being the embedded space-time and the bulk, respectively. The components 
where T µν is the 4-dimensional energy-momentum tensor of the perfect fluid expressed in co-moving coordinates as
The quantity Q µν is a completely geometrical term given by
where
The general solution for eq.(3) using the FLRW metric is
in this case i, j = 1, 2, 3, where we also notice that the function b(t) = k 11 remains an arbitrary function of time. This follows from the confinement of the gauge fields, which produces the homogeneous equation eq.(3). The usual Hubble parameter in terms of the expansion scaling factor a(t) is denoted by H =ȧ/a and the extrinsic parameter B =ḃ/b. Solving the set of equation (2), one can obtain
In the case of eq. (8), consider i, j = 1, 2, 3.
Replacing these results in eq. (2), we obtain the Friedman equation as modified by the extrinsic curvature
where the general expression for b(t) is given by
where α 0 = b 0 /a β 0 0 denoting a 0 by the present value of the expansion scaling factor and b 0 is an integration constant representing the current warp of the universe. Also, the exponential function has the exponent given by γ(t) = 4η 0 a 4 − 3 − √ 3 arctan
4η 0 a 4 − 3 . The two signs represent the two possible signatures of the evolution of the function b(t).
It is worth stressing that the arbitrariness of b(t) is a consequence of the homogeneity of eq. (3) which follows from the confinement condition T * µa = 0. If these components were non zero, we would violate the intended solution of the hierarchy problem 2 . This problem was solved in [1] where the function b(t) was determined by constructing the dynamics of k µν interpreted as responsible for the acceleration of the universe. Its dynamics is completed by the Gupta equations as we summarize in the next section.
The Dynamics of the Extrinsic Curvature
The study of a linear massless spin-2 fields in Minkowski space-time originated from Fierz and Pauli in 1939 [38] . In 1954, Gupta [5] noted that the Fierz-Pauli equation had a remarkable resemblance with the linear approximation of Einstein equations for the gravitational field, suggesting that such equation could be just the linear approximation of a more general, non-linear equation for a massless spintwo fields. Gupta found that any spin-2 field in Minkowski space-time must satisfy an equation that must have the same formal structure as Einstein's equations. The result is an Einstein-like system of equations called the Gupta equations [5, 39] .
In 1970, inspired by the photon-meson-ρ model, C. Isham, A. Salam and J. Strathdee [40] , suggested that there should be an effective massive spin-2 field, the f-meson f µν , that couples the gravitation (the gfield) to strongly interacting particles at short distances, through an f-g mixing term. The f − g theory also known as strong gravity theory did not succeed, essentially because, as it was found later, the f-field would not be a fundamental field in four-dimensional space-time.
In 1954, J. Nash [41] showed that any Riemannian geometry V n can be obtained by a sequence of infinitesimal perturbations of a initial unperturbed metricḡ µν , given by the extrinsic curvature tensor k µν as follows: Suppose we have an initially given embedded Riemannian manifold with metricḡ µν . Then, another Riemannian geometry with metricḡ µν + δg µν can be obtained, where
where δy denote an infinitesimal displacement of the extra dimension y of the bulk space 3 . Using this new metric we may obtain a new extrinsic curvature k µν and by repeating the process we obtain a continuous sequence of perturbations:
3 Although Nash's theorem holds for any number of extra dimensions, for simplicity we consider the case of just one extra dimensions, which is all we need to for the present cosmological application.
In a different approach, we interpret the extrinsic curvature as an independent rank-2 field in V n , acting as the generator of the gravitational perturbations along the extra dimensions of the bulk. Consequently, k µν must satisfy Gupta equations defined on the embedded space-time V n (instead of Minkowski's space-time as in the original theorem of Gupta). In the following we apply the Gupta equations for the specific case of the embedded FLRW cosmology embedded in the AdS 5 bulk, as defined in the last section.
To obtain the Gupta equations, we make use of an analogy with Riemannian geometry, defining a "connection" associated with k µν and consequently the corresponding Riemann tensor. Bearing in mind that the geometry of the embedded space-time is already defined by the metric g µν , we have
, where k µν is not the inverse of k µν . However, to remedy this situation, we may re-scale k µν , by defining
so that f µρ f ρν = δ µ ν . Next, we construct the "Levi-civita connection" associated with f µν , based on a similarity with the "metricity condition". Let us denote by || the covariant derivative with respect to f µν (while keeping the usual (; ) notation for the covariant derivative with respect to g µν ) so that f µν||ρ = 0. Hence, an fconnection can be constructed and it can be given by
It is important to note that the "metric" tensor f µν and its inverse are used to lower and raise indices on components in the f -geometry. Moreover, a "curvature" tensor for f µν as
, where ∂ denotes the ordinary derivative. Therefore, one can write the "Ricci tensor" and the "Ricci scalar", respectively as
Finally, the contracted Bianchi identities for f µν gives the Gupta equations
where τ µν stands for the "source" of the f µν -field, with coupling constant α f . For generality we have included Λ f as the equivalent to the cosmological constant (remembering that the contracted Bianchi identity allows for such constant). Since k µν are the coefficients of Nash's perturbations of the gravitational field according to eq.(12), the source of the Gupta equations must be the quantum fluctuations of the vacuum represented by a plasma fluid with constant density with energymomentum tensor [6, 7] α f τ µν = 8πG < ρ v > f µν . Replacing this in eq. (12) and comparing with the constant terms we find that
where we notice that Λ f is not the same observed cosmological constant associated with Einstein's equations. In fact we may take the above expression as the definition of Λ f . With this choice Gupta's equations for f µν becomes simply
which describes a pure gravitational spin-2 system. It is important to stress that in the 4-dimensional physics such field does not exist for a Riemannian observer that only takes into account the tangent vector components. With this definition the cosmological constant problem does appear and the vacuum energy density is indeed a source of gravitational perturbations, but only through k µν , as we are going to discuss in next section.
The extrinsic curvature equilibrium
Analyzing eq.(2), we note that for a 4-d observer, the quantum vacuum energy density < ρ v > can be related to Λg µν − Q µν different from the case of general relativity that we only have Λg µν . Thus, taking eq.(2), we have
and considering the vacuum contribution T µν = − < ρ v > g µν , one can write
and contracting with g µν , we obtain
where Q = g µν Q µν is the trace of Q µν . In addition, using eq.(9) we can write
which indicates that the discrepancy ceases to be if the extrinsic curvature can compensate such difference. We can make now an analysis of eq. (18) starting from the extrinsic term b(t) that is a solution of the Gupta equations . Thus, we seek a general relation that can relate the expansion parameter a(t) with the difference between < ρ > v and ρ Λ . Thus, taking the Gupta solutions eq.(11) for FLRW cosmology [1] and eq. (10), we can write the modified Friedman's equation in terms of the cosmological parameters as
where Ω m is the matter density cosmological parameter defined as Ω m = Ω 0 m (1+z) 3 and H 0 is the current Hubble constant. Hereafter, the upper script "0" indicates the present value of certain quantity.
In order to be consistent with [1] , we consider the current value for the expansion factor as a 0 = 1.
The term γ(z) is given by γ(z) = 
In addition, the estimated value for Ω Alternatively, we can define Ω ext in terms of the extrinsic energy density as
and also the extrinsic energy density as
In addition, in terms of redshift, one can write ρ ext ∝ (1 + z) 4−2β 0 . Interestingly, using eqs. (11), (18) and (21), we find In order to test the effectivity of this expression, we calculate this difference for today (z = 0). Thus, eq.(22) turns (23), we find the difference
GeV 4 , which is exactly the cosmological constant problem in electroweak scale.
Our results seem to indicate a clear distinction between < ρ v > and ρ Λ in early ages. For instance, in the range of recombination era (z = 1100), we find that | < ρ v > −ρ Λ | ≤ 0.02GeV 4 , which does not jeopardize the nucleosynthesis. Still, a further study is required to have a more insight about the subtleties of each age in the early universe. As expected, for the present, the difference turns to be increasingly smaller as shown in fig.(1) with the two possible (+) (dotted line) and (−) (solid line) solutions related to the exponential term e ±γ(z) . This shows that the effect of extrinsic curvature has become subtle in the present time. This interpretation seems to be very reasonable since the main process of formation of structures at cosmological scale in universe happened a long time ago and today it appears to be reduced at local scale. Since the extrinsic curvature can warp, bend or stretch a geometry, it is expected that in early times the presence of this perturbational effect was dominant.
In addition, as fig.(2) shows, it is worth noting that both solutions with positive and negative signs intersect at z = 0.74 and z = 0.62. According with BAO/CMB + SNIa constraints [42] , with MLCS2K2 light-curve fitter it gives a transition redshift value z t = 0.56 models as well as ΛCDM models which can be related to the cause of the transition and the beginning of the observed current accelerated phase.
It is worth stressing that the quantity Q is an independent quantity and is defined without the need of existence of Λ. In order to get some insight how it happens, we can estimate the evolution of the extrinsic scalar Q. Thus, we can rewrite eq. (9) as a function of the expansion factor in terms of the hubble constant and the extrinsic cosmological parameter Ω ext as
and ξ(a) = exp [±γ(a)] β 0 ± 4η 0 a 4 − 3 . Thus, from eq. (24) one can obtain the resulting figure as shown in fig.(3) . As shown in fig.(4) , it is worth noting that the intersection between solutions at 0.5 ≤ z ≤ 0.62 also is compatible with our previous results shown in fig.(1) and fig.( 2) which strongly suggest that the solutions presented induce to some topological changing of the universe as indicates a transition redshift.
The result reinforces the statement that the extrinsic scalar Q is a dynamical quantity that evolves in time, which is expected for an expanding universe. This explains why the value of CC is so tiny once the value of Q is smaller than 10 −80 GeV 2 which is roughly of order of the physical CC and the Ricci scalar curvature. Such results have twofold considerations. First, the quantitative issue: the current value of Q is quantitatively similar to the physical cosmological constant and, rather, is a dynamical quantity that dominates the cosmological constant term. Second, the qualitative issues must be account carefully. The extrinsic scalar Q and CC have different meanings. The presence of Q show us that CC must be independently from the definition of the source T µν [43] . It is important to point out that the cosmological constant is also a topological problem. In this sense, the extrinsic curvature transfers topological characteristics from a Schwarzschild-de Sitter space-time (Λ 0, κ 1) to a Minkowski spacetime (Λ ≈ 0, κ = 0) once Riemannian manifolds also are topological spaces [44, 45] .
Another qualitative aspect refers to the topological and geometrical difference between Minkowski and de Sitter space-times. Those space-times obey different symmetry groups and they are not correlated in the sense that one cannot build a de Sitter spacetime starting from a continuous deformation without ripping off the manifold. The lack of a standard reference space-time is a symptom of the Riemann tensor equivalence dilemma and recognized by Riemann himself [46] .
In addition, the Inönu-Wigner contraction [47] tells that we can recover Poincaré group (ISO(3,1) ) from de Sitter group (SO(4,1)) with the limit Λ → 0. However, this is valid for Lie groups due to the fact that they are analytical manifolds. Unfortunately, it does not apply to space-times since they are differentiable manifolds. In this sense, an interesting fact was pointed out in [48] that even considering an asymptotically flat spacetime (Λ → 0) one does not obtain a Minkowskian flat space but another space-time structure governed by the Bondi-Metzner-Sachs (BMS) group that is a semi-direct product of the Lorentz group with the group of supertranslations. This observation seems to imply in serious constraints on cosmological models and should be investigated further.
Alleviating the coincidence
In what concerns the coincidence issue, which results in the ρ m and ρ Λ are about the same order at present time, in this primarily analysis, the problem can be alleviated when considering the influence of extrinsic curvature. The alleviation reference for the coincidence problem is useful to select models that can provide a behavior such that Ω m /Ω Λ < (1 + z) 2β 0 −1 << 1 which satisfies the alleviation condition. In this sense, the coincidence problem itself is an illusion for a 4-d observer and it does not appear in an embedded space-time structure since the tiny value of the cosmological effect of the extrinsic curvature is the responsible for both cosmic acceleration and the notorious difference between the vacuum energy and the cosmological constant.
Final remarks
In a previous paper [1] , we have used a model independent formulation of embedding Nash spacetime where the extrinsic curvature is an independent variable required for the definition of the embedding. However, this comes at the price that the extrinsic curvature cannot be completely determined, because Codazzi's equations becomes homogeneous (incidently, the Randall-Sundrum model avoids this problem by imposing the Israel-Lanczos condition on a fixed boundary-like brane-world). Therefore, in order to restore the definition of the extrinsic curvature an additional equation compatible with a dynamically evolving embedded space-time is required. As a rank-2 symmetric tensor, the extrinsic curvature can be seen as a spin-2 field, which satisfy an Einstein-like equation, as it was demonstrated by Gupta, as a field in Minkowski's space-time. After the due adaption to a curved space-time we determined the Gupta equations for the extrinsic curvature of the FLWR geometry. The present paper complements that result where the solution of these equations describe not only how the universe presents an accelerated expansion but also how it is inner related to the CC problem. We have shown that the extrinsic curvature balances the vacuum energy and the CC energy density. In fact, using the most general covariant formulation, the cosmological constant problem takes into account the fact that the gauge fields contributing to the vacuum energy are confined to the embedded space-time, while the gravitational field, including the cosmological term is not. Thus, a fourdimensional observer in the embedded space-time is able to perceive this difference through a conserved quantity built with the extrinsic curvature, whose effect is to induce a warp effect in the embedded geometry. A interesting issue is that the extrinsic quantity Q is a geometrical entity resulting from the extrinsic curvature and does not tiny masses, nor prior ansatzes were necessary. Moreover, it was shown that the coincidence problem can be alleviated with the presence of the extrinsic curvature. As a further prospects, a more detailed discussion for early times and also other issues of the coincidence problem will be done in a subsequent work.
